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     Abstract
The work considers main, most significant scientific works on study of the stability of rods with the curved axis; the 

issue of the subject matter investigation is examined. A procedure for determining the spatial displacements of curvi-
linear rods during the elastic work of the material is proposed. An for the assessment of the stress-strain behavior of 
the rod element with the curved axis by the criterion of fibrous yield is given. As the algorithm illustration, an example is 
given of selecting a section of a steel arch.
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Introduction
Steel arches for roof-bearing structures appeared 

in 1940–1950s. Besides their architectural expressive-
ness, arches have a doubtless advantage over beam 
and frame structures due to considerably smaller bend-
ing moments occurring in structure sections. Decrease 
of the bending moment in arches is achieved due to a 
thrust which creates a moment, opposite in sign to the 
moment from external forces, in each structural section. 
In this connection, the main design value for the arch is 
not the bending moment, but the axial load. In designing 
of metal arches, the determining factor, when assessing 
the operation capability of a structure, is not the abili-
ty to resist bending, but the ability to maintain the axis 
shape (stability). The loss of stability by a curved axis 
rod has more complex nature than the loss of stability 
by a straight rod.

Background
Many scientists studied the stability of straight and 

curved axis rods of open profile. S.P. Timoshenko was 
one of the first who considered the problem of the stabil-
ity of a curved axis rod. In his work (Timoshenko, 1971), 
he provided the derivation of a differential equation of 
the stability of the plane bending of a curved axis rod. 
The contribution of V.Z. Vlasov to this study should be 
noted too. He developed a technical theory of calculating 
thin-walled rods of open profile; this theory was the ba-
sis for many scientific works related to the stress-strain 
state of thin-walled rods. In his work (Vlasov, 1959), 
Vlasov considered various particular problems related 

to the stability of thin-walled circular rods, arches and 
toroid-shape shells. Works of A.A. Umansky should be 
specially mentioned; the author developed a theory of 
rods of closed profile.

The deformation theory by Vlasov for calculating 
thin-walled rods was worked out in papers of B.M. 
Broude, L.N. Vorobyev and was generalized by E.A. 
Beylin. 

 In speaking of the calculation of a thin-walled 
curved axis rod by the stress-strain scheme, it is nec-
essary to mention works of E.A. Beylin (Beylin, 1997;  
Beylin, 1970), as well as G.I. Beliy (Beliy, 1973), who 
considered in his scientific work a number of particular 
problems related to performance of curved axis rods 
under various loads and boundary conditions.

 
Challenging issues of the study
The use of arched structures in large-span build-

ings allows for significant decrease in steel consump-
tion. However, their large-scale implementation is 
restrained by the lack of directions for stability calcu-
lations in domestic design standards; meanwhile, re-
searches, which are available in this area, do not al-
low developing an engineering calculation procedure. 
Therefore, one of relevant directions of research is the 
study of the spatial stability of curved axis rods in order 
to obtain an engineering technique for the calculation 
of solid-wall arches.
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Figure 1. Selection of a rod element from the structure

Algorithm of the stress-strain calculation for the 
stability of an arch rod element by the flexural-tor-
sional form

Let us consider a problem of the stability of plane bend-
ing of a thin-walled rod element selected from a solid-wall 
arch (see Figure 1).

The considered fragment is located between points of 
the arch bracing out of the plane — between runs. The 
length of the rod element is assumed to be equal to its 

geometric length. The element is loaded with the axial 
force F applied with eccentricities relative to both axes 
of symmetry ex and ey, as shown in Figure 2a. Ends of 
the arch are hinged in the plane and out of the plane 
of the initial curvature; curling of arch ends is absent.

The selected rod element of the symmetrical sec-
tion is hinged in the plane and out of the initial curva-
ture plane; there is no curling of the end sections.

Figure 2. Computational scheme of the element
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To solve the set problem, let us apply the system of 
stress-strain equilibrium equations of E. A. Beylin for 
curved axis rods. At accepted bracing conditions and 
the section shape, differential equilibrium equations of 
the rod will take the following form:
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where Xy, Xz are unknown functions of components 
of the curved rod axis movement, which are found with 
the following equations:

R
vX

R
vX zy

′
+′=+′′−= θθ ;

E, G are modules of linear and shear deformation;  Jy 
and Jω are the main axial and sectorial moments of sec-
tion inertia;  Jk is the moment of inertia of bending-pre-
vented torsion;  ip is the polar radius of inertia; v is the 
lateral displacement of the rod axis, Ɵ is the angle of rod 
curling.

Values of force factors acting along the rod length, 
with account for the curvature of the rod, take the fol-
lowing form:
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To calculate the equation system (1), let us use the 
analytical-numerical procedure; wherein the general 
solution of the problem upon the elastic work of the ma-
terial is represented in the form of the combination of 
particular solutions:

tszstrzztsystryy ,,,, ; χχχχχχ +=+=

The first summands are solutions of equations com-
piled according to the strainless calculation scheme:
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Let us substitute values of force factors (3) into equa-
tions (5) and obtain the following:
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The second summands in (3) are functions of the 
stability loss, which follow from the solution of bifurca-
tion stability problems. With account for the set calcu-
lation scheme, the loss-of-stability functions will take 
the following form:
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Where cos (πz/l) and sin(πz/l) are forms of the 
stability loss, and χу,у and χz,у are some unknown 
constants.

Let us substitute the values of solutions (4) in (1), 
considering (8) and (9), and obtain the following:
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Figure 3. a – loading scheme; b – spatial movements of sections

(a) (b)

To solve the system (10), let us apply the algorithm of 
the Bubnov–Galerkin method:
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As a result, we will obtain systems of two algebra-
ic equations relative to unknown constants χу,у and χz,у. 
Having solved this system, we will obtain all components 
of movements. Substituting values χу and χz in (2) and 
solving the system of differential equations, we will ob-
tain values of v and θ, which allow proceeding to strain 
stresses:

θθ ωω ′′−=++= JEBMvNMM xyy ;000

Taking into account (12), let us present the values of 
stresses in the rod middle section:
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Let us divide both sides of the equation (13) by Ry 
and take N/ARy out of the brackets.

After a number of transformations, the equation (13) 
will take the following form:
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Where mx, my are relative eccentricities; ρx, ρy are 
radii of section cores. 

The resulting expression allows determining the 
critical load values. 

Thus, the above algorithm makes it possible to as-
sess stability of circular axis rods by the flexural-tor-
sional form according to the fibrous yield criterion.

Example of calculation
As an illustration of the calculation procedure, an 

example of the section selection for a steel arch with 
the run of 36 m, the rising height of 8.5 m, and the in-
terval of runs of 5.0 m is stated.

Preliminary, let us take the arch section as 70Б0 
I-beam according to the industry standard STO ASChM 
20-93, the material of construction — C245 steel.

The arch stability in the plane is considered to be 
ensured. 

(11)

(12)

(14)

(13)
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(15)

(16)

(17)

(18)

(19)

Let us select from the arch a rod element between 
runs of 5.0 m length. The following boundary forces 
were obtained in the selected fragment of the arch upon 
calculation of the structure in the plane against the ac-
tion of permanent and temporary loads:

mtMtN x 42;100 =−=

Let us write the value of the eccentricity in the arch 
plane, taking into account the bending out of the plane of 
the arch in connection with a random eccentricity:

mcm
t
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N
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y 5.32235.0
04

4.90

====

Taking into account the set calculation scheme and 
obtained forces and applying the above algorithm, we 
obtain the following values of the arch rod element axis 
displacement in the middle section:
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where v is the lateral displacement of the rod axis; 
θ is the angle of the rod curling

 Taking into account the obtained displace-
ments, let us write the values of strain forces Му (the 
moment out of the arch plane caused by random ec-
centricity ex,rand) Bw:

231.0;29.0 mctBmtM y ⋅== ω

In accordance with the equation (14), let us deter-
mine the factor of the section use:
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Taking into account the set loads, the factor of the 
section use is close to one, therefore, the section is 
chosen correctly.

Thus, the above stated algorithm makes it possible 
to assess the stability of rods with the circular axis by 
the flexural-torsional form according to the fibrous yield 
criterion.

Figure 4. Fragment of a building frame
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