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Abstract

Introduction: In this paper, based on the properties of unit functions, we present accurate solutions to beam bending
under various transverse loads and edge restraint conditions, using equations based on Bernoulli’s hypothesis and
the hypothesis taking into account transverse shears. By comparing the analytical solutions obtained for a rectangular
beam, we determined beam length-to height (L/h) ratios for cases when the difference in deflections is less than
the permitted value. Thus, criteria for Bernoulli’s hypothesis application were obtained. The results of beam bending
analysis can be applied when studying rod systems using the force and displacement methods. In this case, Bernoulli’s
hypothesis is used. All the ratios obtained are simple and clear. However, this hypothesis is applicable for the
analysis of thin-walled structures. Meanwhile, the hypothesis taking into account transverse shears can be used for
structures of medium cross-section height. To ensure accurate results when studying building structures (beams,
plates, shells, rod systems), the criterion of Bernoulli’'s hypothesis (hypothesis of the straight normal) applicability
was needed. Purpose of the study: We aimed to build a mathematical deformation model and develop a method
for the analysis of bending in elastic Timoshenko beams with account for transverse shears. Methods: By applying
generalized functions and direct integration of the differential equation for the bending line, we obtained analytical
expressions for the deflection function under various boundary conditions. Results: Based on the proposed method,
we performed beam analysis under various transverse loads and edge restraint conditions. We also evaluated the
scope of Bernoulli’s hypothesis application for the main types of beams used in the analysis of rod systems by the
displacement method.
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Introduction
Latest advances in construction science show that

its weight and manufacturing complexity, optimizing
the construction period and operating expenses,

a balanced combination of materials in a structure
makes it possible to utilize their benefits to the
maximum extent. Due to the widespread use of new
structural materials ensuring structural efficiency,
it is required to apply analytical models that would
fairly represent the stress-strain state of structural
elements in buildings and structures (Zveryayev,
2003). Many researchers explored how to build
one-dimensional and two-dimensional approximate
analytical models based on three-dimensional
equations of elasticity theory (Donnell, 1982;
Goldenweiser, 1976; Maslennikov, 2009; Nazarov,
2002; Tovstik, 2007; Zveryayev and Makarov, 2008).

To ensure a balanced combination of material
properties, we need to make sure that such a
combination is appropriate and provides the required
load-bearing capacity of the structure while reducing

thereby improving the performance of investment
in construction, and justify that with analysis and
calculations.

The widespread use of modern software systems
for structural analysis in construction necessitates
their verification to determine the reasonable level
of detail with regard to the analyzed analytical model
and the required accuracy of calculations (ANSYS,
2009; Simulia, 2012: SOFiSTIK AG, 2014). Thus, it
is required to obtain accurate solutions for typical
problems related to the analysis of new building
structure types in order to use analytical solutions
(Karpov et al., 2021) for verification of various
software systems.

S. P. Timoshenko (Timoshenko, 1945;
Timoshenko and Woinowsky-Krieger, 1963) is
rightfully considered the author of the refined theory
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considering transverse shear in the analysis of
beams, plates, and shells. He proposed an analytical
model that takes into account bending and shear
deformations and, thus, can be used to describe the
behavior of beams of medium thickness as well as
sandwich panels, and the high-frequency vibrations
of beams when the wavelength becomes comparable
to the cross-section height. In this case, the shear
coefficient depends on Poisson’s ratio. Numerous
researchers attempted to obtain an exact expression
for it (Cowper, 1966; Hutchinson, 1981; Stephen,
1980).

In engineering practice, the Timoshenko model
(Timoshenko and Gere, 1976) is sufficient in most
analysis cases. Based on the results of experimental
studies conducted later, it was shown that, in the
analysis of many building structures, the shear
coefficient is underestimated (Franco-Villafafie and
Méndez-Sanchez, 2016; Méndez-Sachez et al.,
2005).

Yeliseyeva et al. (2011) studied the application of
the Timoshenko model in beam deflection analysis
with account for bending and shear deformations.
They showed that the resolving equation in the
problem of accounting for additional shear in beam
bending has terms with different physical meaning,
which introduces particular aspects when boundary
conditions are considered.

Lalin and Beliaev (2015) solved the problem
of bending of a geometrically nonlinear cantilever
beam, using the Kirchhoff and Cosserat-Timoshenko
theories followed by a comparison of the results
obtained. In their opinion, the findings can be used
for verification of various software systems.

When classic beam bending problems are
considered, Bernoulli’s hypothesis is mainly applied.
However, this hypothesis is not valid for, e.g.,
composite beams. The degree of approximation is
mainly determined by the ratio between the cross-
section height and the length of the beam as well as
physical characteristics and structure of the material
(Pavlenko and Vereshchaka, 2002). Rossikhin and
Shitikova (2010) provided an analytical review of
Timoshenko-type theories in respect to thin-walled
open-section beams and concluded that currently
there are no theories that would describe the beams
under consideration and fully meet the requirements
of engineering practice (analysis) and experimental
data.

By using Bernoulli’s hypothesis, Karpov et al.
(2021) presented a method to find an accurate
solution to the beam bending equation for a beam of
uniform cross-section height, subjected to different
types of transverse load (distributed along the entire
length of the beam, distributed along a part of the
beam, concentrated force, or a moment of a couple
of forces), with different types of beam end restraint.
An analytical solution for a beam can also be
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obtained by using the hypothesis taking into account
transverse shears. By comparing these solutions,
it is possible to determine criteria for Bernoulli’s
hypothesis application in beam analysis.

The equation for the equilibrium of a beam with
length L and cross-section height h, subjected to
the load q, when Bernoulli’s hypothesis is used, is
as follows:

EWm" =gq, ™

where J = h’/12 — the moment of section inertia,
w(x) — the beam deflection, g(x) — the load (MPa).

If we apply the hypothesis taking into account
transverse shears (Timoshenko model), then the
equations for the equilibrium of such a beam will be
as follows:

dQ dM
—+¢9=0,—*-0, =0, 2
dx 1 dx 0
where Q= Gh(l//x +Z—WJ, M, =EJ%.
x x

Here . — the function taking into account
transverse shears.

The method of solving Eq. (1) described by
Karpov et al. (2021) can also be applied to solve
system (2).

Direct integration of the differential equation
for the bending line

Let us find a general solution of system (2) by
direct integration of the differential equation for
the bending line under different types of loads and
boundary conditions. We will consider a case when
the load q is uniformly distributed along the entire
length of the beam. Let the beam be rigidly fixed
at x = 0 and unrestrained at x = L. In this case, the
following conditions must be fulfilled:

atx=0,w=0,and v, =0;
©)

dy d’y
= = —_rx — =0 * =0 .
atx=L,M, =0 ( 0 Oj and O, ( 7 ]

Based on the second equation of system (2), we
obtain the following:
M, . dy, do, . dv,

= gtV g
o dx dx*  dx dx®

By substituting the obtained expressions into the

first equation of system (2), we obtain the following:
d3 d3

EJ !//x — q or l//x _ q (4)

dx’ dx’ EJ’

Differential equation (4) represents an equation
with separable variables. By integrating this
differential equation successively, we get the
following:
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AV 4 o Wl 4 X 2 rox+C,,
dx EJ dx EJ 2
3 2 ()
y/X:—ix—+Cx—+Cx+C
EJ 6 2

By using boundary conditions (3), we find the
following arbitrary constants:

¢, =0,C =212

To find w(x), let us use the following expression:

dw) dM, dy
=Gh +—|= =FEJ —~;
Q. (Wx dx j dx dx®

Gh(% +@j EJ(—Lx+£j.
dx EJ EJ

= E/3, we obtain the

ie.

Hence, given that G
following:

dw ER3d’y, v
dc  12E a "
By integrating this relation, we get the following:

w(x)zi £—£x3+L—2x2 +
EJ\24 6 4 (6)
iﬁ(L—x)z
EJ 4 2

By using the boundary conditions at x =0, w = 0,
we find b :

+b,.

q UK’
b EJ 8
Thus, the function w(x) will take the following

form:
4 2
w(x)=—- 9[> Lo L),
EJ{(24 6 4

g | B (L-x) W
EI| 4 2 8

(7)

If transverse shears are not considered (Kirchhoff
model), then w(x) will be as follows:

4 2
x* L L
wx)=-L| S =i |,
EJ\24 6 4
Therefore, since in this case transverse shears
are considered, deflection (7) changed by A:

q hZ (L x) L2h2

EJ 4 2 8
The maximum deflection willbe at x =L, i.e.:
o q L2h2
max EJ 8 °

To apply Bernoulli’s hypothesis in this case,
A —must be small (NMT 5% of the permitted
deflection W, ). Based on this condition, we can
find an estimate for the L/A ratio. For instance,
for a rectangular concrete beam (E = 3°10*“MPa,
w =0.0057h, at ¢ = 2+102MPa, we have

perm

272
4L 05.0.0057
EJ 8 , hence, we can find
L=16h. Thus, if ©>L/16, then we need to use the
model taking into account transverse shears. Based
on the condition w,  <w . we obtain L=30h.

In the example conS|dered at L=I10m, the
permitted height of the beam h (when Bernoulli’s
hypothesis is applied) shall not exceed 0.625 m, and
based on the conditonw =< Woorm , the beam height
turned out to be 0.33 m. If we need to increase the
beam height based on the condition of structural
integrity, then it can be increased by 0.295 m. In this
case, the hypothesis of the straight normal remains
valid.

For a rectangular metal beam (E = 2.1+10°MPa,
w  =0.0lh, at g = 2+102MPa, L = 60h. At
L'="10 m, h = <0.16 m, so that the beam bending
equation with the use of Bernoulli’s hypothesis could
be applied in beam analysis.

Let us assume that the ends of the beam
subjected to a load that is uniformly distributed along
the entire length of the beam have a hinged support.
In this case, at x = 0 and x = L, the following
conditions must be fulfilled:

. _o, ()

dx
By using these boundary conditions, we will find
arbitrary constants (except for C,) and obtain the
following:

3
. q gL x’
v (x)=- EJ6+2EJ2

w=0,—

+C,.

2
Based on Gh(% +@j =E] d l/;x ,
ox dx

we will find w(x). In this case:

3 2 2
dv_gq|x Lx E . _h_(x_éj ,
dx EJ
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By integrating this relation, we get the following:

4
;_4_% B e
q
()=, |t
h_z(x‘ 2)
4 2

By using boundary conditions (8), we will find C,
and b,. Thus, w(x) will take the following form:

24 12 24 32
=i 2
7 e (L) g
4 28

If transverse shears are not considered, then the
deflection function will be as follows:

4 3
X L L
w(x):i e
EJ\24 12 24
Therefore, since in this case transverse shears
are considered, the deflection changed by A:

_ak Lx_(x_zL/z)zﬁ .

CEJ 4|8 8

Since the maximum deflection will be at

9qL’

x:%, then 16th
a concrete beam, we have the following ratio: .
9qL’

16Eh

Therefore, to apply Bernoulli’s hypothesis in beam
analysis, the following condition must be fulfilled:
h<L/27. If h>L/27 , then we need to use the model
taking into account transverse shears. For a concrete
beam, at L = 10 m, the cross-section height h shall
not exceed 0.37 m.

For a metal beam, L/h = 95, therefore, if h>L/95,
then we need to use the model taking into account
transverse shears. For instance, at L = 10 m, the
beam cross-section height 4 shall not exceed
0.105 m.

In the same way, we can analyze Bernoulli’s
hypothesis applicability for beam analysis in case of
other types of loads and beam end restraint.

Let the load be uniformly distributed along a part
of the beam span, i.e.:

must be small. In case of

=0.05-0.0057h.
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4(x)=08 (x=x)=aq[u(x-a)-u(x-a)],

where u(x—al) and u(x—az) are unit functions.

If the beam is rigidly fixed at x=0 and
unrestrained at x = L, then the boundary conditions
will take the form corresponding to that in system (3).
In this case, Eq. (4) will take the following form:

vy, g
* =T y(x—a)-u(x—-a,)|. ©)
dx3 EJ[ ( 1) ( 2)]

By using the properties of unit functions

Ju(x-a)dx=(x-a)u(x-a);

(x-aq,)
f(x—al)u(x—al)dx=Tu(x—al).

and successively integrating Eq. (9), we obtain the
following:

&y, __i[(x—al)u(x—a])—}Lcl;

d’  EJ| (x-a,)u(x-a,)

(x-q,)

T

=—— , +Cx+C,;
dx EJ (x—a,) w(r-a)
2 2
3
("__"l)u(x_al)_ .
l//x:—i 6 , +C1x—+C2x+C3‘
H ) u(x—a,) ?
6 2

By using boundary conditions (3), we will find C,,
C,and C

(73:0,01:;1—1](%—%),

_4 {(L—alf o) 0l

T EIl 2 2

Based on the following condition:

5 » (x—a,)u(x—a)-
w
Gh(l//x+axj=EJ l/;" =—q,|(x—a,)u(x—a,)—|,

dx

a, + a,
we will get:

2

dc EJ| 6 6

l: (x—a,)u(x—a)- :l

9,
C.x—-1L
P TGh| (x-ay)u(x—ay)—a, +a,

Gh
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By integrating this expression, we will find the
beam deflection function:

(x-a)’

R Tl

EJ X—a !
( 242) u(x—az)
2
o (=) g)-
cX_cX_a 2
"6 2 Gh (x-a,)

u(x—az)—(a2 —a,)x

2

Based on the condition at x = 0, w = 0, we will
get b,=0.

In order to keep the expression for w(x) as simple
as possible, we will not substitute C, and C, with the
values obtained.

If transverse shears are not considered, then:

(x-a)

u(x-a,)- ; )
w(x)=L) 2 SRS
= (x‘%)l4x-a) °
24 2

Analysis results
The following table presents the analysis results:

Therefore, with transverse shears considered, the
deflection changed by A:

(x—al)z
4 2
Gh (x_a2)2
2

The maximum value will be at x=L:

u(x—al)—

u(x—az)—(a2 —a,)x

L-a) (L-a)
Ama)r _% ( 2a1) _( 22) _(az_al)L .

Based on the condition 3% (af —af) =0.05-0.0057,
2E

h2

L
we will estimate the L/h ratio. Let a, = g,az =—L,

2

then WL _ 0.05-0.0057.Hence, L =20.
2F h

o

Recommended L/h ratio for beam analysis
DG R8T, Type of load, uniformly
with height h T Beam material ) i
and span L distributed by Kirchhoff model by Timoshenko model
Concrete >16 <16
0<g<L
Steel >60 <60
Cantilever
L/3<q<2L/3 Concrete >29 <29
Concrete >27 <27
Hinged support 0<g<L
Steel >95 <95

Conclusion

When Bernoulli’s hypothesis (Kirchhoff model)
is applied, the relations used to determine the
components of the stress-strain state of a beam
resisting bending under various types of transverse
load and beam end restraint are simple and
clear as shown above. The obtained values of
deflections and bending moments can be used in

the analysis of rod systems, e.g., with the use of
the displacement method. However, to ensure that
analytical models and solutions are accurate, we
need to evaluate the applicability of Bernoulli’s
hypothesis. This method makes it possible to do
that easily. The obtained estimates for beams can
be used approximately in the analysis of plates
and shells.
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AHHOTauuA

Mcnonb3ya cBOWCTBA €AUHUYHBLIX DYHKUMIA, B JAHHON CTaTbe HaxXo4AaTCHA TOYHble pelleHusa narnba 6anku npu
pasnU4YHON NOoMepeYHOn Harpy3Kke 1 pasnuyHbIX YCNOBUAX 3aKpenreHns Kpaes, Kak Npu NCNonb30BaHUM YpaBHEHW,
OCHOBA@HHbIX Ha rMnoTese MIOCKUX CeYeHNI, Tak U Ha rmnoTese, yumTeiBatoLer nonepeyHble casuru. Nytem cpaBHeHUs
NONyYeHHbIX aHaNUTUYECKNX peLleHnin Ansa 6anku NpAMOYrofibHOro CE4YeHUA HaxXoO4ATCA COOTHOLIEHNS €€ ANuHbI L
6ankn n ee BbICOTHI h, KOrga pasHuua B npornbax MeHblle JONYCTUMOWN BennYnHbl. Takum obpasom, nonyyatTcs
KPMTEpMM UCNOMb30BaHNA rMNoTe3bl NNOCKUX cevyeHnin. Pesynbratel pacyeta nsrnba 6anok ncnonb3yoTca npu
nccrneaoBaHUM CTEPXKHEBBLIX CUCTEM METOAOM CUN U MeTOAOM nepemelleHui. Mpu aTom ncnone3yercsa rmnotesa
NNocKkuMx cevyeHuin. Bce nonyyeHHble COOTHOLWIEHNSA MUMEKT NPOCTON M HarnaaHbii Bua. OgHako aTa runoTesa
npYMeHVMa Npu pacyeTe TOHKOCTEHHbIX KOHCTPYKLUMI. A runoTesa, yunTbiBaoLwwas nonepeyHbie caBurn, MoxeT ObiTb
MCnonb30BaHa AN KOHCTPYKLUIN CpefHen BbICOTbI MOMEPeYHOro cevyeHms. [Ing nony4yeHns KOppekTHbIX pe3ynbTaToB
nccrnenoBaHUsa CTPOUTENbHbIX KOHCTPYKUMIA (6anka, nnuta, obonoyka, ctepxHeBasi cuctema) 6bin Heob6xoaum
KPUTEpPU MPUMEHMMOCTM TMNOTE3bl MNOCKNX ceveHnn (npamon Hopmanwu). Llenb nccnepgoBanua: MNoctpoenne
MaTemMaTu4eckon mogenu oedopmMmpoBaHns 1 co3gaHne MeToauky pacyeta Ha nsrmub ynpyrmux 6anok tuna TMMOLLEHKO
C y4yeToM nonepeyHbix casuros. Metoabl: Ha ocHoBe NpuMeHeHUs matemaTuyeckoro annapara 0606LWeHHbIX
PYHKLUN METOAOM HenocpeaCcTBEHHOro UHTErpMpoBaHna anddepeHymanbHOro ypaBHeHUs M30rHyTon ocu 6arnku
nonyyeHbl aHanUTUYeckne BbipaxeHus OYHKLUKU NPOrnboB ANA pasnuyHbIX rpaHnyHblX ycnosui. PesynbraTthl: 1o
npeanoXeHHONW MeToAnKke NpoBeaeHbl pacyeTbl 6anok Npu AenCTBMM PasNMYHON NONEPEYHON Harpy3Kn N pasnmyHbIX
BMAOB 3aKpensieHns KOHLOB Kpaes 6arnku. BeinonHeHa oueHka 06nacTv NpUMMEHEHNS rmnoTesbl NAIOCKNX CEYEeHUn ANns
OCHOBHBbIX TUNOB 6anokK, NCNoMNb3yeMbliX 415 PACYETOB CTEPXKHEBbLIX CUCTEM METOLAOM NEpPEMELLEHNNA.

KnioueBble cnoBa
Banka, n3rnb, mogens Kupxroda, nonepeyHbii caBur, Moaenb TUMOLLEHKO, e ANHUYHbIE (PYHKLNN.
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