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Abstract
Introduction: This paper studies the frequency with which hydrodynamic parameters change in the sudden expansion 
section of axisymmetric pressure flow, based on the boundary layer equations. Methods: The suggested method reveals 
the regularity of changes in the hydrodynamic parameters of the flow in the transitional area, making it possible to obtain 
a velocity profile in any cross-section under common initial and boundary conditions. Based on the general solutions, we 
studied the hydrodynamic processes occurring in the transitional area of the effective sudden cross-section expansion 
within the axisymmetric pressure movement, in the following cases: a) when the velocity is constant at any point of the inlet 
face; b) when the velocity is distributed along the inlet face according to the parabolic law. Our calculations were carried 

out for different values of the expansion factor: 0.3; 0.5; 0.7.a
R

α = = Results: Based on the results of the computer-aided 
experimental study, we obtained velocity diagrams along the length of the transitional area with constant and parabolic 
velocity distributions for fluid inflowing into the expanded section. We also determined the patterns of pressure distribution 
along the length of the relevant section.
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Introduction
In transitional areas of the effective cross-section 

(cross-section input and output, sudden expansion 
and narrowing, etc.), rearrangement of the velocity 
field is accompanied by a change in hydrodynamic 
parameters. The theoretical aim of this study, 
focused on the transitional area, was to determine 
how regularly hydrodynamic parameters change 
along the pipe and to develop calculation methods 
for energy losses. 

A number of theoretical and approximate 
calculation methods were developed for studying 
the hydrodynamic phenomena occurring in the 
transitional areas of the input section. Each 
calculation method is based on conclusions regarding 
the flow’s nature, which are used in theoretical 
studies and result reviews. Such conclusions are 
often related to specific flow intervals; therefore, the 
results obtained have limited applicability. The first 
known study on flow velocity change patterns in the 
transitional area of a circular pipe input was carried 
out by Boussinesq (Boussinesq, 1891). The main 
goal of that study was to assess disturbances in the 
velocity profile based on the velocity profile in the 
stabilized area. It should be noted that the spread 
of the obtained results is essential, especially for 
input-adjacent sections of the pipe. Schiller, using the 
boundary layer theory principles, conducted research 

(Loitsyansky, 1973) on velocity rearrangement in the 
transitional input area, and developed an appropriate 
calculation methodology (Schiller, 1936). The 
obtained results provide good, consistent data on 
the central sections of the pipe when Rr ≤ . As 
for near-wall sections, this is where considerable 
disturbances occur (Targ, 1951).

Schlichting suggested a more accurate method 
for calculating the plane-parallel motion of the 
transitional input area (Schlichting, 1974). This 
method has been used to carry out a numerical 
integration of boundary layer equations. In addition 
to the numerical technique, Schlichting (1934) also 
suggested an analytical method for assessing the 
transitional area. This method is based on the idea 
that the flow range is divided into: a) the central 
section, where velocities are constant, b) the near-
wall sections, where velocities keep changing 
according to the boundary layer regularity. The 
obtained solutions make it possible to reveal the 
velocity distribution pattern for any cross-section of 
the input section’s transitional area. Yemtsev (1978) 
made use of the velocity parabolic distribution pattern 
in the boundary layer and constant velocity condition 
at the core. He arrived at similar conclusions. As 
a result, he found solutions for the velocity and 
pressure change in the plane-parallel motion input 
section of the transitional area.

Arestak Sarukhanyan, Garnik Vermishyan — Pages 63–71
A STUDY ON SUDDEN EXPANSION HYDRODYNAMIC PHENOMENA OCCURRING IN CYLINDRICAL PIPES 



64

Architecture and Engineering                             Volume 6 Issue 4 (2021) 

Slyozkin (1955) and Targ (1951) studied the 
regularities in the hydrodynamic parameters’ 
behavior in the transitional area of the pipe input 
section. By making successive approximations 
and simplifying the Navier–Stokes equations, 
they formulated the boundary problem. Analytical 
solutions to this problem allow for determining how 
regularly the velocity and pressure change. The 
results obtained are remarkably consistent with the 
findings of experimental investigations. Comparative 
analyses confirm the reliability of the results 
obtained. It should be noted that the aforementioned 
studies pertain only to the input sections of the pipe. 
However, velocity field changes take place not only 
in input sections but also in sections where the 
pipe’s geometrical parameters change. Studies on 
regularities of changes in the flow’s hydrodynamic 
parameters in the aforementioned sections are of 
considerable practical interest and importance.

A similar study was carried out by Chen (1973), 
where approximate solutions were found under 
cylindrical and plane-parallel isotherm laminar 
motion conditions, ensuring satisfactory accuracy 
of the results. Studies of hydrodynamic phenomena 
running in the input transitional area along fluid lines 
in the aforementioned section were carried out in a 
3D environment by integration of the Navier–Stokes 
equations’ finite elements (Young, 2016). The studies 
demonstrate velocity and pressure distribution 
curves. Comparative analysis of the results obtained 
via numerical method was provided in (Hornbeck, 
1964). Studies carried out in the boundary layer of 
the input section, under fourth-power (four-step) 
velocity change conditions (Mohanty and Asthana, 
1979), resulted in laws of velocity and pressure 
change. Studies on velocity and pressure change 
regularities in circular-section cylindrical pipes and 
under plane-parallel motion conditions followed the 
method developed in (Sparrow et al., 2004) for fluid 
lines of arbitrary section. The results obtained were 
subjected to comparative analysis. 

Belyaev et al. (2015) developed a mathematical 
model for identifying the velocity and pressure 
fields when viscous incompressible fluid flows in 2D 
variable cross-section ducts in laminar flow mode. 
However, the solutions suggested are not applicable 
to determining the hydrodynamic parameters of the 
sudden expansion sections.

The studies listed above essentially present 
comments on phenomena occurring in the input 
section of the pipe. Meanwhile, hydrodynamic 
parameters’ rearrangement processes also occur in 
other transitional areas. There are few papers dealing 
with this subject. By using the numerical integration 
of viscous-plastic fluid flow motion equations, 
researchers built flow lines and determined velocity 
and pressure changes along the axial direction within 
the sudden expansion section (D/d = 4) (Rocha et 
al., 2007). Mullin et al. (2009) carried out a thorough 

experimental investigation on the sudden expansion 
section. Using magnetic resonance imaging 
techniques, they successfully obtained quantitative 
estimates for velocity change in the transitional 
area. Hava and Rusak (2000) provided quantitative 
estimates for Navier–Stokes equations members 
under sudden symmetric and asymmetric expansion 
conditions. This results in the numerical integration of 
the nonlinear nonhomogeneous differential equations 
obtained by the researchers. Integration results 
were compared with experimentally obtained data. 
A number of important experimental investigations 
were conducted in the sudden expansion section 
(Fester et al., 2008). The researchers built a test 
rig and studied flows of both Newtonian and non-
Newtonian fluids through sudden contractions of 
three diameter ratios of 0.22, 0.5, and 0.85. 

Sarukhanyan et al. (2020) reviewed the change 
patterns in the hydrodynamic parameters of viscous 
fluid laminar motion in the transitional area of the 
input section within a cylindrical pipe of R radius 
under the initial arbitrary distribution of velocity 
conditions. Under such conditions, the viscous 
fluid is axisymmetric, and isotherm motion occurs. 
In the input section of the pipe, the velocity of fluid 
flow along the pipe walls, in accordance with the 
velocity diagram u= φ(r), reaches zero, while the 
velocity diagram changes. These changes extend 
for a certain distance along the pipe. A boundary 
layer develops near the pipe walls. In the boundary 
 
layer, the velocity gradient 

    
 becomes too large; 

for this reason, friction force values increase as 
well, regardless of the μ viscosity coefficient. The 
boundary layer gradually spreads and covers the 
entire pipe. Therefore, studies on the transitional 
area should use boundary layer equations.

Prandtl (Loitsyansky, 1973; Schlichting, 1974) 
suggested using the Navier–Stokes equations for 
the boundary layer. 

Furthermore, Prandtl (Loitsyansky, 1973; 
Schlichting, 1974) obtained equations for the boundary 
layer by simplifying the Navier–Stokes equations. 
Viscous forces mostly act in the boundary layer. 
For this reason, while simplifying the Navier–Stokes 
equations, Prandtl neglected those equation members 
that were too small in comparison with viscous forces. 
He derived simplified equations for the boundary layer. 
This allowed for finding the regularities of viscous fluid 
laminar motion in the transitional area of the circular 
cylinder’s input section.

Theoretical Models
We shall now study the hydrodynamic phenomena 

typical of viscous fluid laminar motion within the 
sudden expansion segment of a cylindrical pipe’s 
section (Figure 1). The pipe is considered rigid; the 
fluid, incompressible.

The sudden expansion of a circular cylindrical 
pipe causes fluid velocity field deformation. Our study 

du
dn
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will concern viscous fluid laminar motion regularities 
in the velocity rearrangement section, using the 
same methodology as in research on the transitional 
area of the pipe’s input section (Schlichting, 1974; 
Slyozkin, 1955). We shall use the following boundary 
layer equations for the cylindrical coordinate system 
(Loitsyansky, 1973; Schlichting, 1934):

 (1)

   (2)

To simplify Eq. (1), we take into consideration 
the conclusion made in (Schlichting, 1934, 1974) 
according to which v<<u, hence v=0. We arrive at:

  (3)

where u and v are the components describing 
velocity in the direction of z and r coordinates. 

To integrate nonlinear nonhomogeneous 
differential equations, we make the following 
 
assumption: the u coefficient of         member is 
replaced by the average velocity of the effective 
cross-section.

  (4)

where ( )u rϕ=  is the function of velocity distribution 
in fluid entering the sudden expansion section.

Following this assumption, the study of regular 
patterns in the change of the hydrodynamic 
parameters within the sudden expansion segment 
(Figure 1) is reduced to the integration of the 
following equations:

        (5)

  
(6)

Figure 1. Sudden expansion segment: a – radius before expansion, R – radius after expansion

u
z
∂
∂

in case of the following initial and boundary 
conditions:

 u=0, v=0, when r=a  z=0. (7)

 u=φ (r), when z=0,  0 ≤ r ≤ a. (8)

 u→u', when  z→∞,  0 ≤ r ≤ a. (9)

where V' is the velocity of fluid in the stabilized 
section of the pipe, which is determined by the 
following equation: 

  (10)

Eq. (10) has the following solution: 

      (11)

where 
u V P

z
R

0

2

2
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� � is the average velocity 
of the effective cross-section.

It follows from Eqs. (5) and (6) that, in each fixed  
 
section of the transitional area,            . Therefore, 
pressure in all points of the effective cross-section 
is equal and only changes when passing from one 
section to another P=P(z).

Solution of Eq. (5) in case of (7), (8), (9) boundary 
conditions is Sarukhanyan et al (2020).

 

(12)

 

where J0(λk) is the zero-order Bessel function of the 
first kind, J1(λk) is the first-order Bessel function of the 
first kind, J2(λk) is the second-order Bessel function 
of the first kind. The eigenvalues of the problem are 
determined from the boundary condition, when r=R , 
u=0. As a result, we obtain

�
�

�
P
r

0
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                                                        ,

which means that the eigenvalues of the problem 
are the roots of the second-order Bessel function 
of the first kind. We use the boundary condition for 
determining the values of Ск constant coefficients (8) 
and obtain the following:

     

 (13)

We shall now multiply the two sides of Eq. (13) by 
orthogonal functions equivalent to eigenfunctions: 

     

 (14)

and after integration in the 0 r R≤ <  interval, we 
obtain          :

 

(15)

Let us represent Eq. (15) in the following form:

          
(16)

where
  

(17)

Pressure change behavior along the pipe is 
obtained from Eq. (5), while velocity change is 
obtained from Eq. (12), which results in the following 
equation:

(18)

It follows that in the boundary state when ∞→z
in case of pressure distribution and laminar motion, 
pressure change regularities coincide:

  
(19)

By integrating Eq. (15), we determine the 
regularity of pressure change:

(20)

It follows from Eq. (20) that PP =0  when 0=z .

Results and Discussion
The solutions obtained are applicable to the 

general boundary and the initial conditions of the 
problem. By using general solutions, we can obtain 
new solutions, equivalent to the conditions provided 
for each special case. Let us now consider two 
special cases.

Case I. Let us assume that the velocity of fluid 
entering the sudden expansion section is constant at 

all points. Thus, we have ( ) 0r u constϕ ∗= = , 0≤r<a, 
and define the value of L1 accordingly:

(21)

By substituting L1 in Eq. (16) and taking into 

consideration that                       , we obtain the values 
of Сk coefficients:

  

(22)

Using the values of kC  coefficients that we 
obtained, we determine the dimensionless regularity 
of the velocity change in the transitional area:
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                                                                (23)

where 
0u

uu = , 
a
R

α = , 
rr
R

= , 
Re
zz

R
=

⋅
  

 
are the dimensionless values.

To plot the diagrams of velocity distribution in 
case of the transitional area’s sudden cross-sectional 
expansion, when the velocity of fluid entering the 
sudden expansion section is constant, we carried out 
numerical calculations for ɑ=0.3; 0.5; 0.7  cases, using 
Eq. (23). Figure 2 presents combined diagrams of 
various  ( z ) velocity distribution patterns in different 
sections of the transitional area, and Figure 3 
shows the same velocity change curves in different 
sections when ɑ=0.7. The resulting graphs reveal the 
hydrodynamic picture of the processes occurring 
in the transitional area, which is important for the 
correct design of various hydraulic systems.

The plotted diagrams of velocity distribution in 
the transitional area enable the conclusion that 
the velocity diagram of fluid entering the sudden 
expansion section with a constant velocity undergoes 

a sudden change. Specifically, velocity increases in 
the center and decreases near the walls. Moreover, 
a motion of fluid in the opposite direction can be 
observed as well. This pattern, which starts at 
a certain z  = 0.2 velocity in the direction of the 
motion, subsequently weakens, and at the end 
of the transitional area, we arrive at the parabolic 
distribution of the velocity.

Figure 4 shows graphs                of velocity 
change along the length of the pipe at                                                                  

points of the effective cross-section, for the ɑ=0.7 
case. It follows from the diagram of velocity 
rearrangement along the length of the pipe that in 
the cross-section of the sudden expansion entrance 
segment, the pattern of constant velocity distribution 
u0

*=const becomes deformed, and velocity gets 
rearranged in the direction of the motion. At the end 
of the transitional area, the pattern of the velocity 
change becomes parabolic. 

From the curves obtained, we derive the 
stabilization length. Given that in  0=r , the velocity 
equals 0.99u = , we obtain =z  0.174.

By substituting the values of Сk coefficients 
from Eq. (22) in Eq. (20), we arrive at the pressure 
distribution function for the sudden expansion section.

Figure 2. Superimposed graphs of lengthwise velocity change in the transitional area:
1. z  = 0.02; 2. z  = 0.03; 3. z  = 0.04; 4. z  = 0.06; 5. z  = 0.08; 6. z  = 0.09; 7. z  = 0.2

Figure 3. Graphs of lengthwise velocity change in the transitional area depending on z  and r  coordinates
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Case II. Let us assume that the velocity 
distribution of fluid entering the sudden expansion 
section is parabolic. Therefore,

Figure 4. Velocity change in 0; 0.2; 0.4; 0.6; 0.8; 0.9r =  points of the effective cross-section:

1. ;0=r  2. 0.2;r =  3. 0.4;r =  4. 0.6;r =  5. 0.8;r =  6. 0.9.r =

we have  
( ) 
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Accordingly, the value of L1 is defined as follows:
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As we substitute 1L  from Eq. (24) into Eq. (16) 

and take 
2

0
0 2

u au
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=  into account, we obtain the 

coefficient kC

  (25)

Having obtained the values of Ck coefficients, we 
arrive at the dimensionless patterns for the velocity 
change in the transitional area:

( )

( )
( )

20

1 0 2
00

2 2
2

0 2
0

2 1 1

2
2 .

4

a k

k

k

k k

rJ
rRL u r dr

J a

R J au
J

λ

λ

λ α
λ λ

∗

∗

  
      = − − ⋅ ⋅ = 

   
  
 

− 
 

∫

( )
( )

0 2
2 2 2

0

32
.k

k
k k

u J
C

J
λ α

α λ λ
= −

       
 (26)

To discover velocity change patterns for sudden 
cross-sectional expansion in the transitional area, 

we have made calculations for 0.3; 0.5; 0.7α =  
cases, based on Eq. (26). On the basis of the values 
obtained, we have plotted diagrams representing the 
general behavior of velocity distribution in different 
cross-sections of the transitional area in Figure 5. 
Figure 6, in turn, shows separate diagrams according 
to the cross-sections ( z ) in case 5.0=α .

F igure  7  shows graphs ( )zfu =  o f 
velocity change along the length of the pipe at 

0; 0.2; 0.4; 0.8; 0.9r =  points of the effective 
cross-section, for the 0.5α =  case. It follows from 
the diagram of velocity rearrangement along the 
length of the pipe that in the cross-section of the 
sudden expansion entrance segment, the pattern of 
parabolic velocity distribution

 

becomes deformed, and velocity gets rearranged 
in the direction of the motion. At the end of the 
transitional area, the pattern of the velocity change 
becomes parabolic.
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      According to the graphs provided in the figures 
above, the length of the stabilization section is 
obtained under the following conditions: when 0=r

the velocity equals , 0

0.99u
u

=
we obtain =z  0.163.

To obtain the pressure distribution function in the sudden 
expansion section, we substitute the values of Ck coefficient 
from Eq. (25) into Eq. (20), and arrive at the following. 

Conclusion
The proposed universal method, designed 

for calculating velocity rearrangement in the 
transitional area, makes it possible to find the 
regular patterns in hydrodynamic parameter 

( )
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Figure 5. Superimposed graphs of lengthwise velocity change in the transitional area:
1. z  = 0.04; 2. z  = 0.05; 3. z  = 0.06; 4. z  = 0.08; 5. z  = 0.1; 6. z  = 0.2

Figure 6. Curves of lengthwise velocity change in the transitional area depending on z  and r  coordinates

u
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changes under general boundary conditions. 
The use of the relations that we discovered has 
defined the process of velocity field changes 
dur ing sudden cross-sectional expansion, 
provided that the presence of fluid is constant 
and the parabolic distribution law conditions 
are met. This makes it possible to calculate the 
changes in the hydrodynamic flow parameters, 
as well as make generalizations. The regularities 
characterizing the velocity field changes in the 
transitional area, along with the diagrams that 
illustrate them, allow for correcting the design of 
the relevant hydromechanical equipment units. 
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Figure 7. Velocity change in 0; 0.4; 0.8; 0.9r =  points of the effective cross-section:
1. ;0=r  2. 0.2;r =  3. 0.4;r =  4. 0.8;r =  5. 0.9r =
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